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1 Introduction
Let Z,N,R and C stand for the sets of all integers, positive integers, real and complex
numbers, respectively, and let, as usual, ζ(s), s = σ + it, denote the Riemann zeta-
function. For k ∈ N, define
Lk(s) =
∞∫
0
|ζ(1/2 + ix)|2ke−sxdx.
As [1]
ζ(1/2 + it)≪ε t
32
205+ε, t ≥ t0 > 0,
with every ε > 0, the integral for Lk(s) converges absolutely and uniformly on compact
subsets of the half – plane D = {s ∈ C : σ > 0}, and defines there an analytic function.
The function Lk(s) is applied, see, for example, [2], [4–6], for investigations of the
mean value
T∫
0
|ζ(1/2 + it)|2kdt, T →∞.
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In [7] we obtained the first probabilistic results for the function L1(s). Let meas{A}
denote the Lebesgue measure of a measurable set A ⊂ R, and let, for T > 0,
νT (. . .) =
1
T
meas{t ∈ [0, T ] : . . .},
where in place of dots a condition satisfied by t is to be written. Denote B(S) the class of
Borel sets of the space S, and define the probability measure
PT,σ = νT
(
L1(σ + it) ∈ A
)
, A ∈ B(C).
Then in [7] the following characterization of the asymptotic behavior of the function
L1(s) has been obtained.
Theorem A. Let σ > 0. Then on (C,B(C)), there exists a probability measure Pσ such
that the measure PT,σ converges weakly to Pσ as T →∞.
Let Cr = C× . . .× C︸ ︷︷ ︸
r
, σ = (σ1, . . . , σr), and
L(σ + it) =
(
L1(σ1 + it), . . . , Lr(σr + it)
)
.
The aim of this paper is to obtain a limit theorem for the probability measure
PT,σ(A) = νT
(
L(σ + it) ∈ A
)
, A ∈ B(Cr).
Theorem 1. Suppose that min1≤j≤rσj > 0. Then on (Cr,B(Cr)) there exists a proba-
bility measure Pσ such that the measure PT,σ converges weakly to Pσ as T →∞.
Obviously, Theorem A is a corollary of Theorem 1 with r = 1.
It is well known that almost periodic functions have limit distributions in the sense
of Theorem 1. For example, the majority of functions defined by Dirichlet series have the
above property. Almost periodic functions are approximated in some metric by trigono-
metric polynomials, however, for Laplace transforms this is not known. So, we can not
apply the almost periodicity property for Laplace transforms.
2 Case of a finite interval
Let a > 0 be a fixed finite number, and
Lk,a(s) =
a∫
0
|ζ(1/2 + ix)|2ke−sxdx.
In this section, we will consider the limit distribution of the vector
La(σ + it) =
(
L1,a(σ1 + it), . . . , Lr,a(σr + it)
)
.
On (Cr,B(Cr)), define the probability measure PT,a,σ by
PT,a,σ(A) = νT
(
La(σ + it) ∈ A
)
.
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Theorem 2. On (Cr,B(Cr)), there exists a probability measure Pa,σ such that the mea-
sure PT,a,σ converges weakly to Pa,σ as T →∞.
Proof. We begin with a limit theorem on one topological group. Let γ={s∈C : |s|=1}
denote the unit circle on the complex plane, and
Ωa =
∏
u∈[0,a]
γu,
where γu = γ for all u ∈ [0, a]. As γ is a compact, by the Tikhonov theorem, with
the product topology and pointwise multiplication, Ωa is a compact topological Abelian
group. Define a probability measure
QT,a(A) = νT
({
e−itu : u ∈ [0, a]
}
∈ A
)
, A ∈ B(Ωa).
The dual group of Ωa is
D
def
= ⊕u∈[0,a]Zu,
where Zu = Z for each u ∈ [0, a]. An element k = {ku : u ∈ [0, a]} ∈ D, where only a
finite number of integers ku are non – zero, acts on Ωa by the formula
x→ xk =
∏
u∈[0,a]
xkuu ,
where x = {xu : |xu| = 1, u ∈ [0, a]}. Hence, the Fourier transform gT,a(k) of the
measure QT,a is of the form
gT,a(k) =
∫
Ωa
( ∏
u∈[0,a]
xkuu
)
dQT,a =
1
T
T∫
0
∏
u∈[0,a]
e−itukudt
=
1
T
T∫
0
exp
{
− it
∑
u∈[0,a]
uku
}
dt,
where, as above, only a finite number of integers ku are non-zero. Thus,
gT,a(k) =

1 if
∑
u∈[0,a]
uku = 0,
exp{−iT
P
u∈[0,a]
uku}−1
−iT
P
u∈[0,a]
uku
if
∑
u∈[0,a]
uku 6= 0.
Now let, for {yx : x ∈ [0, a]} ∈ Ωa,
ŷx =
{
yx if yx is integrable over [0, a],
an arbitrary integrable over [0, a] circle function, otherwise.
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Define a function ha : Ωa → Cr by the formula
ha
({
yx : x ∈ [0, a]
})
=
( a∫
0
|ζ(1/2 + ix)|2e−σ1xŷxdx, . . . ,
a∫
0
|ζ(1/2 + ix)|2re−σrxŷxdx
)
.
Then by the Lebesgue theorem on bounded convergence the function ha is continuous,
moreover,
ha
({
e−itx : x ∈ [0, a]
})
=
( a∫
0
|ζ(1/2 + ix)|2e−(σ1+it)xdx, . . . ,
a∫
0
|ζ(1/2 + ix)|2re−(σr+it)xdx
)
= Lr,a(σ + it).
Hence PT,a,σ = QT,ah−1a . This, the weak convergence of the measure QT,a and Theo-
rem 5.1 of [3] show that the measure PT,a,σ converges weakly to the measure Qah−1a as
T →∞. The theorem is proved.
3 Proof of Theorem 1
First we observe that the uniform convergence on compact subsets of D of the integral
for Lk(s) implies, for σ > 1/2 and each k ∈ N, the relation
lim
a→∞
lim sup
T→∞
1
T
T∫
0
|Lk(σ + it)− Lk,a(σ + it)|dt = 0. (1)
Let z1 = (z11, . . . , z1r), z2 = (z21, . . . , z2r) ∈ C. Define a metric ρ in Cr by
ρ(z1, z2) =
( r∑
j=1
|z1j − z2j |
2
)1/2
,
and, for z ∈ Cr, let |z| = ρ(z, 0). Then, clearly, this metric induces the topology of Cr.
Since
ρ(z1, z2) ≤
r∑
j=1
|z1j − z2j|,
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it follows from (1) that, for min
1≤j≤r
σj > 1/2,
lim
a→∞
lim sup
T→∞
1
T
T∫
0
ρ
(
L(σ + it), La(σ + it)
)
dt
≤ lim
a→∞
lim sup
T→∞
r∑
k=1
1
T
T∫
0
|Lk(σk + it)− Lk,a(σk + it)|dt = 0.
(2)
For the further proof, we recall some definitions and results from the probability
theory.
Let (S, ρ) be a separable metric space with a metric ρ, and let Yn, X1n, X2n, . . .
be the S – valued random elements defined on a certain probability space (Ω,B(Ω),P).
Denote by D→ the convergence in distribution.
Lemma 1. Suppose that Xkn
D
−→
n→∞
Xk for each k ∈ N, and that Xk D−→
k→∞
X . If, for
every ε > 0,
lim
k→∞
lim sup
n→∞
P{ρ(Xkn, Yn) ≥ ε} = 0,
then Yn
D
−→
n→∞
X .
The lemma is Theorem 4.2 of [3] where its proof is given.
Let P = {P} be a family of probability measures on (S,B(S)). The family P is
called tight if, for arbitrary ε > 0, there exists a compact set K ⊂ S such that
P (K) > 1− ε
for all P from P . The family P is relatively compact if every sequence of elements of P
contains a weakly convergent subsequence.
The next lemma (the Prokhorov theorem) relates the relative compactness with the
tightness of the family P .
Lemma 2. If the family P is tight, then it is relatively compact.
The lemma is Theorem 6.1 from [3].
Proof of Theorem 1. By Theorem 2, the probability measure PT,a,σ converges weakly to
the measure Pa,σ as T → ∞. On a certain probability space (Ω,B(Ω),P), define an
uniformly distributed on [0, 1] random variable θ, and put
XT,a = XT,a(σ) = Lr,a(σ + iT θ).
Then, denoting by Xa = Xa(σ) a Cr – valued random element with the distribution
Pa,σ , we can rewrite the assertion of Theorem 2 in the form
XT,a
D
−→
T→∞
Xa. (3)
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Now let M be an arbitrary positive number. Then in view of Chebyshev’s inequality
lim sup
T→∞
PT,a,σ
({
z ∈ Cr : |z| > M
})
= lim sup
T→∞
νT
(
|La(σ + it)| > M
)
≤ lim sup
T→∞
1
MT
T∫
0
|La(σ + it)|dt
≤
1
M
sup
a≥0
lim sup
T→∞
1
T
T∫
0
( r∑
k=1
|Lk,a(σk + it)|
2
)1/2
dt
≤
1
M
sup
a≥0
lim sup
T→∞
( r∑
k=1
1
T
T∫
0
|Lk,a(σk + it)|
2dt
)1/2
.
(4)
Let σ > 0. Then
|Lk(σ + it)|
2 = Lk(σ + it)Lk(σ − it)
=
∞∫
0
|ζ(1/2 + ix)|2ke−(σ+it)xdx
∞∫
0
|ζ(1/2 + iy)|2ke−(σ−it)ydy.
Therefore,
T∫
0
|Lk(σ + it)|
2dt =
T∫
0
( ∞∫
0
|ζ(1/2 + ix)|4ke−2σxdx
)
dt
+
T∫
0
( ∞∫
0
∞∫
0
x 6=y
|ζ(1/2 + ix)|2k|ζ(1/2 + iy)|2ke−σx−σye−it(y−x)dxdy
)
dt
= T
T∫
0
|ζ(1/2 + ix)|4ke−2σxdx
+
∞∫
0
∞∫
0
x 6=y
|ζ(1/2 + ix)|2k|ζ(1/2 + iy)|2ke−σx−σy
e−iT (y−x) − 1
i(x− y)
dxdy.
Since, for σ > 0, the integral converges absolutely, hence we find that, for σ > 0,
lim
T→∞
1
T
T∫
0
|Lk(σ + it)|
2dt =
∞∫
0
|ζ(1/2 + ix)|4ke−2σxdx (5)
for all k ∈ N.
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Using (2), (4) and (5), we obtain that
lim sup
T→∞
PT,a,σ
({
z ∈ Cr : |z| > M
})
≤
R
M
,
where
R =
( r∑
k=1
∞∫
0
|ζ(1/2 + ix)|4ke−2σkxdx
)1/2
+ sup
a≥0
lim sup
T→∞
( r∑
k=1
1
T
T∫
0
|Lk(σk + it)− Lk,a(σk + it)|
2dt
)1/2
<∞.
Hence, taking M = Rε−1, we find that
lim sup
T→∞
PT,a,σ
({
z ∈ Cr : |z| > M
})
≤ ε.
Thus, in view of (3)
Pa,σ
({
z ∈ Cr : |z| > M
})
≤ ε. (6)
Let Kε = {z ∈ Cr : |z| ≤M}. Then the set Kε is compact, and by (6), for all a > 0,
Pa,σ(Kε) ≥ 1− ε.
This shows that the family {Pn,σ} is tight. Hence, by the Prokhorov theorem (Lemma 2)
it is relatively compact. Therefore, there exists a subsequence {Pa1,σ} ⊂ {Pa,σ} such
that Pa1,σ converges weakly to some probability measure Pσ on (C,B(C)) as a1 → ∞.
Then
Xa1
D
−→
a1→∞
Pσ. (7)
Now define
XT = XT (σ) = L(σ + iT θ).
Then, taking into account (2), we find
lim
a→∞
lim sup
T→∞
P
(
ρ
(
XT,a(σ), XT (σ)
)
≥ ε
)
= lim
a→∞
lim sup
T→∞
νT
(
ρ
(
La(σ + it), L(σ + it)
)
≥ ε
)
≤
1
εT
T∫
0
ρ
(
La(σ + it), L(σ + it)
)
dt = 0.
This, (3), (7) yield
XT
D
−→
T→∞
P ,
and the theorem is proved.
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